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Let G be a connected graph of order n with Laplacian eigenvalues
μ1  μ2  · · ·  μn−1 > μn = 0 . The Kirchhoff index
and the Laplacian-energy-like invariant of G are defined as Kf =
n
∑n−1
k=1 1/μk and LEL =
∑n−1
k=1
√
μk , respectively. We compare Kf
and LEL and establish two sufficient conditions under which LEL <
Kf . The connected graphs of order n with nine greatest Kirchhoff
indices are determined; for these LEL > Kf holds.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Let G = (V, E) be a simple undirected graph with vertex set V(G) = {v1, v2, . . . , vn} and edge
set E(G), |E(G)| = m. Let di be the degree of the vertex vi for i = 1, 2, . . . , n. The minimum vertex
degree is denoted by δ. Let A(G) be the (0, 1)-adjacency matrix of G and D(G) be the diagonal matrix
of vertex degrees. The Laplacian matrix of G is L(G) = D(G) − A(G). The Laplacian matrix L(G) has
nonnegative eigenvalues n  μ1  μ2  · · ·  μn = 0. Denote by S(G) = {μ1, μ2, . . . , μn} the
spectrum of L(G), i.e., the Laplacian spectrum of G. If the eigenvalue μi appears i > 1 times in S(G),
we write them as μ
(i)
i in it for the sake of convenience.
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The ordinary distance between two vertices vi and vj in a connected graphG is defined as the length
(= number of edges) of a shortest path that connects vi and vj [2]. Klein and Randic´ [22] conceived the
resistance distance, defined in terms of electric resistance in a network corresponding to the considered
graph, in which the resistance between any two adjacent nodes is 1 Ohm. Eventually, the resistance
distance concept was much studied (see, for instance, [22,31,30]). In [22,1], the sum of resistance
distances between all pairs of vertices of a graph Gwas considered, eventually named “Kirchhoff index”
and denoted by Kf (G).
It could be shown that the Kirchhoff index has a very nice purely mathematical interpretation. In
[12,39] it was demonstrated that the Kirchhoff index of a connected graph satisfies the relation
Kf = Kf (G) = n
n−1∑
k=1
1
μk
.
TheKirchhoff index foundnoteworthyapplications in chemistry, as amolecular structuredescriptor
[1,5,6,37], and many of its mathematical properties have been established [21,27,28,32,30,31,33–
35,8].
A further Laplacian-spectrum-based graph invariant was put forward by Liu and Liu [24]:
LEL = LEL(G) =
n−1∑
k=1
√
μk
and was named Laplacian-energy-like invariant. The motivation for introducing LEL was in its analogy
to the earlier studied graph energy [9,11] and Laplacian energy [13]; for details see [14,23] and the
references cited therein. Recently, several mathematical investigations of LEL were communicated
[25,10,17,19,18,20,16,36,29,15,38].
In this paper, we compare the Kirchhoff index and the Laplacian-energy-like invariant. Three suffi-
cient conditionsareobtained,underwhich LEL < Kf . As corollaries,wearriveatacompletecomparison
of Kf and LEL for trees, unicyclic graphs, and bicyclic graphs. Moreover, the graphs with nine greatest
Kirchhoff indices are characterized among connected graphs of order n. For any of these nine graphs,
LEL > Kf .
2. Main results
In order to compare the Kirchhoff index and the Laplacian-energy-like invariant of a graph G, we
need the following:
Lemma 2.1 [7]. Let G be a graph of order n, different from Kn , and let δ be the smallest vertex degree of G.
Then
μn−1  δ . (1)
For G ∼= Kn ,
LEL(G) = (n − 1)√n > n − 1 = Kf (G) .
But we have the following result:
Theorem 2.2. Let G be a connected graph of order n with m edges and minimum degree δ. If 2m 
(n − 2)n2/3 + δ , then
LEL(G) < Kf (G) . (2)
Proof. Consider a function
h(x) = √x +
√
(n − 2)(2m − x), x  δ
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whose first derivative is
h′(x) = 1
2
√
x
−
√
n − 2
2
√
2m − x > 0, x  δ .
Thus h(x) is an increasing function for x  δ and hence
√
x +
√
(n − 2)(2m − x)  √δ +
√
(n − 2)(2m − δ) . (3)
Now,
LEL(G) =
n−1∑
i=1
√
μi
√μn−1 +
√√√√√(n − 2) n−2∑
i=1
μi by the Cauchy–Schwarz inequality
= √μn−1 +
√
(n − 2)(2m − μn−1) as
n−1∑
i=1
μi = 2m

√
δ +
√
(n − 2)(2m − δ) by (1) and (3) . (4)
Consider now another function
f (x) = 1
x
+ (n − 2)
2
2m − x , x  δ
for which
f ′(x) = − 1
x2
+ (n − 2)
2
(2m − x)2 < 0
because 2m − x > (n − 2)x. This implies 2m = ∑ni=1 di > (n − 1)x and x  δ. Therefore f (x) is a
decreasing function for x  δ and hence
1
x
+ (n − 2)
2
2m − x 
1
δ
+ (n − 2)
2
2m − δ . (5)
We now have
Kf (G) = n
n−1∑
i=1
1
μi
 n
[
1
μn−1
+ (n − 2)
2
2m − μn−1
]
by the arithmetic–harmonic mean inequality
 n
[
1
δ
+ (n − 2)
2
2m − δ
]
by (5) . (6)
Since 2m  (n − 2)n2/3 + δ, we have
n−1∑
i=1
di  (n − 2)n2/3, that is, δ < n2/3, that is, n/δ >
√
δ
and
(2m − δ)3/2  n(n − 2)3/2, that is, n(n − 2)
2
2m − δ 
√
(n − 2)(2m − δ) .
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Using the above two results, we get
n
[
1
δ
+ (n − 2)
2
2m − δ
]
>
√
δ +
√
(n − 2)(2m − δ)
which combined with (4) and (6) yields the required result (2). 
Corollary 2.3. Let T be a tree of order n . Then LEL(T) > Kf (T) for n = 2 and LEL(T) < Kf (T) for n > 2.
Proof. If n  4, then one can easily see that
2(n − 1)  (n − 2)n2/3 + 1
and therefore LEL(T)<Kf (T) holds by Theorem 2.2. Otherwise, 2 n 3. For n = 2, T ∼= K1,1 and
hence LEL(T)=√2>1= Kf (T). For n= 3, T ∼= K1,2 and hence LEL(T)=
√
3+1 < 3+1 = Kf (T). 
Corollary 2.4. Let G be a unicyclic graph of order n . Then LEL(G) > Kf (G) for n = 3 and LEL(G) < Kf (G)
for n  4 .
Proof. If n  6, then
2n  (n − 2)n2/3 + 1
and therefore LEL(G) < Kf (G) holds by Theorem 2.2. Otherwise, 3  n  5 and we have to check the
respective unicyclic graphs. These are depicted in Fig. 1.
By direct calculation we get:
LEL(H1) = 2
√
3 > 2 = Kf (H1)
LEL(H2) = 3 +
√
3 < 6.333 ≈ Kf (H2)
LEL(H3) = 2 + 2
√
2 < 5 = Kf (H3)
LEL(H4) ≈ 5.98 < 13.31 ≈ Kf (H4)
LEL(H5) = 2 +
√
5 + √3 < 12.666 ≈ Kf (H5)
LEL(H6) ≈ 6.08 < 11.5 ≈ Kf (H6)
LEL(H7) ≈ 6.155 < 10 = Kf (H7) ,
which completes the proof. 
Fig. 1. The connected unicyclic graphs with 3, 4, and 5 vertices.
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Fig. 2. The connected bicyclic graphs with 4 and 5 vertices.
Corollary 2.5. Let G be a bicyclic graph of order n. Then LEL(G)>Kf (G) for n= 4 and LEL(G)<Kf (G) for
n 5.
Proof. If n  6, then 2n+2  (n−2)n2/3+1 , and LEL(G) < Kf (G) holds by Theorem2.2. Otherwise,
4  n  5 and we have to check the respective bicyclic graphs. These are depicted in Fig. 2.
By direct calculation we get:
LEL(H8) = 4 +
√
2 > 4 = Kf (H8)
LEL(H9) ≈ 6.7 < 9.333 ≈ Kf (H9)
LEL(H10) ≈ 6.65 < 9.75 = Kf (H10)
LEL(H11) ≈ 6.67 < 10.26 ≈ Kf (H11)
LEL(H12) ≈ 6.8 < 7.666 ≈ Kf (H12)
LEL(H13) ≈ 6.77 < 8.18 ≈ Kf (H13) ,
which completes the proof. 
Theorem 2.6. Let G be a connected graph of order n with m edges. If 2m  (n − 1)n2/3, then
LEL(G) < Kf (G) . (7)
Proof
Kf (G) = n
n−1∑
i=1
1
μi
 n(n − 1)
2
2m
by the arithmetic–harmonic–mean inequality

√
2m(n − 1) by 2m  (n − 1)n2/3

n−1∑
i=1
√
μi = LEL(G) by the Cauchy–Schwarz inequality .
This completes the proof.
In order to state our next main result we need two previously known lemmas and a definition.
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Lemma 2.7 [3]. Let G′ = G+e be the graph obtained fromG by inserting a new edge e. Then the Laplacian
eigenvalues of G interlace the Laplacian eigenvalues of G′, i.e.,
μ1(G
′)  μ1(G)  μ2(G′)  · · ·  μn(G′)  μn(G) .
Lemma 2.8 [4]. The p-th largest Laplacian eigenvalue of the path Pn is 2 + 2 cos pπn , p = 1, 2, . . . , n .
The kite Kin,ω is the graph of order n, obtained by attaching a pendent path on n − ω vertices to a
vertex of the complete graph of order ω .
Let n,k be the class of graphs of order n obtained by attaching a pendent path on n− k vertices to
a vertex of a connected graph of order k. In particular, Kin,k ∈ n,k .
Theorem 2.9. Let G ∈ n,k with k  4 and n − k  1. If
k3 <
(
3n
8
− 2
)2
(n − k)2
then LEL(G) < Kf (G) .
Proof. Since G ∈ n,k , G is a edge-deleted subgraph of Kin,k . By Lemma 2.7,
μj(G)  μj(Kin,k) , j = 1, 2, . . . , n . (8)
By simple calculation it can be verified that for k  4,
√
k + 2 + √5 − 2  2√k (9)
and that for n − k  1,⌈
n − k
2
⌉
+ 1√
2
⌊
n − k
2
⌋
 n − k . (10)
There exists an edge e in E(Kin,k) such that Kin,k\{e} = Kk ∪ Pn−k . The Laplacian spectrum of the
complete graph Kk is
S(Kk) = {k, k, . . . , k︸ ︷︷ ︸
k−1
, 0} .
By Lemma 2.8, the Laplacian spectrum of Pn−k is
S(Pn−k) =
{
2 + 2 cos π
n − k , 2 + 2 cos
2π
n − k , . . . , 2 + 2 cos
(n − k − 1)π
n − k , 0
}
.
Since k  4, by Lemma 2.7 and in view of
n∑
i=1
[μi(G + e) − μi(G)] = 2
it follows that
k + 2μ1(Kin,k)  k + 1
μ2(Kin,k) = μ3(Kin,k) = · · · = μk−1(Kin,k) = k
3 + 2 cos π
n − k μk(Kin,k)  2 + 2 cos
π
n − k
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2 + 2 cos iπ
n − k μk+i(Kin,k)  2 + 2 cos
(i + 1)π
n − k , i = 1, 2, . . . , n − k − 2
2 + 2 cos (n − k − 1)π
n − k μn−1(Kin,k) > 0
μn(Kin,k) = 0 .
Using these results, one obtains
LEL(G)  LEL(Kin,k) by (8)

√
k + 2 + √k(k − 2) +
√
3 + 2 cos π
n − k +
n−k−1∑
i=1
√
2 + 2 cos iπ
n − k
<
√
k + 2 + √k(k − 2) + √5 + 2
(⌈
n − k
2
⌉
− 1
)
+ √2
⌊
n − k
2
⌋
 k3/2 + 2(n − k) by (9) and (10) . (11)
Thus we have
Kf (G) Kf (Kin,k) by (8)
 n
k + 2 +
n
k
(k − 2) + n
3 + 2 cos π
n−k
+
n−k−1∑
i=1
n
2 + 2 cos iπ
n−k
>
n
k + 2 +
n
k
(k − 2) + n
5
+ n
4
(⌈
n − k
2
⌉
− 1
)
+ n
2
⌊
n − k
2
⌋
 n
k + 2 −
2n
k
+ 19n
20
+ n
4
⌈
n − k
2
⌉
+ n
2
⌊
n − k
2
⌋
>
3n
8
(n − k) as n
k + 2 −
2n
k
+ 19n
20
> 0 . (12)
Using the given condition, from (11) and (12), we get
Kf (G) >
3n
8
(n − k) > k3/2 + 2(n − k)  LEL(G) .
This completes the proof. 
Corollary 2.10. Let G ∈ n,k with k  4 and n − k  2. If k < n/2 and n  12, then LEL(G) <
Kf (G).
Proof. One can easily check that for n  12, (3n − 16)2 > 32n i.e.,
(
3n
8
− 2
)2
>
n
2
. In view of
k < n/2, this implies(
3n
8
− 2
)2
(n − k)2 > n
2
k2 > k3
and Corollary 2.10 follows from Theorem 2.9. 
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In an analogous manner we obtain:
Corollary 2.11. Let G ∈ n,k with k  4 and n− k  2. If k < 2n/3 and k  20, then LEL(G) < Kf (G).
3. Results on graphs with greatest LEL and Kf
Denote by G1
⋃
G2 the graph consisting of two (disconnected) components G1 and G2, assuming
that V(G1) ∩ V(G2) = ∅. Let G1∨ G2 be the graph obtained from G1⋃ G2 by connecting all vertices
of G1 by all vertices of G2.
Let
G1(n) = Kn−2
∨
(2K1) ; G2(n) = Kn−4
∨
C4
G3(n) = Kn−3
∨(
K1
⋃
K2
)
; G4(n) = Kn−6
∨(
C4
∨
2K1
)
G5(n) = Kn−5
∨((
K2
⋃
K1
)∨
2K1
)
; G6(n) = Kn−4
∨
P4
G7(n) = Kn−3
∨
(3K1) ; G8(n) = Kn−4
∨(
K1
⋃
K3
)
.
Note that G1(n) is obtained by deleting an edge from the complete graph Kn. G2(n) is obtained by
deleting two independent edges from Kn whereas G3(n) is obtained by deleting two adjacent edges
from Kn. It is easily seen that G4(n) is obtained by deleting three independent edges from Kn whereas
G5(n) ,G6(n) ,G7(n) , andG8(n) are similarly obtained asG4(n), but of the three deleted edges ofG5(n),
two are adjacent and one is independent; the three deleted edges of G6(n) form a path P4 ; the three
deleted edges of G7(n) form a triangle C3 ; the three deleted edges of G8(n) form a star K1,3 . Therefore,
we have
G1(n) = K2
⋃
(n − 2)K1 ; G2(n) = 2K2
⋃
(n − 4)K1
G3(n) = K1,2
⋃
(n − 3)K1 ; G4(n) = 3K2
⋃
(n − 6)K1
G5(n) = K1,2
⋃
K2
⋃
(n − 5)K1 ; G6(n) = P4
⋃
(n − 4)K1
G7(n) = K3
⋃
(n − 3)K1 ; G8(n) = K1,3
⋃
(n − 4)K1 .
Recently, Liu et al. [25] determined the nine connected graphs of order nwith greatest LEL :
Theorem 3.1 [25]. Let G be a connected graphs of order n  6 different from Kn , G1(n) , G2(n) , …, G8(n) .
Then LEL(G8(n)) > LEL(G) .
Lemma 3.2 [26]. Let G be a graph of order n with S(G) = {μ1, μ2, . . . , μn−1, 0}. Then S(G) = {n −
μ1, n − μ2, . . . , n − μn−1, 0}.
From the above arguments and Lemma 3.2, we conclude that:
S(G1(n)) = {n(n−2), n − 2, 0}
S(G2(n)) = {n(n−3), (n − 2)(2), 0}
S(G3(n)) = {n(n−3), n − 1, n − 3, 0}
S(G4(n)) = {n(n−4), (n − 2)(3), 0}
S(G5(n)) = {n(n−4), n − 1, n − 2, n − 3, 0}
S(G6(n)) = {n(n−4), n − 2 +
√
2, n − 2, n − 2 − √2, 0}
S(G7(n)) = {n(n−3), (n − 3)(2), 0}
S(G8(n)) = {n(n−4), (n − 1)(2), n − 4, 0}.
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Lemma 3.3 [37]. Let G be a connected graph of order n  3, with m edges and maximum vertex degree
. Then
Kf (G)  n
 + 1 +
n(n − 2)2
2m − 1 − 
with equality if and only if G ∼= K1,n−1 or G ∼= Kn .
In the theorem below, we determine the nine connected graphs of order n  11 with the smallest
Kirchhoff indices.
Theorem 3.4. Let G be a connected graphs of order n  11, different from Kn , G1(n) , G2(n) , …, G8(n) .
Then
Kf (G) > Kf (G8(n)) > Kf (G7(n)) > Kf (G6(n)) > Kf (G5(n)) > Kf (G4(n))
> Kf (G3(n)) > Kf (G2(n)) > Kf (G1(n)) > Kf (Kn) .
Proof. It is well known that Kn has the smallest Kirchhoff index among all connected graphs of order
n. So the inequality Kf (G1(n)) > Kf (Kn) evidently holds.
By direct calculation we obtain
Kf (G1(n)) = n − 2 + n
n − 2
Kf (G2(n)) = n − 3 + 2n
n − 2
Kf (G3(n)) = n − 3 + n
n − 1 +
n
n − 3
Kf (G4(n)) = n − 4 + 3n
n − 2
Kf (G5(n)) = n − 4 + n
n − 1 +
n
n − 2 +
n
n − 3
Kf (G6(n)) = n − 4 + n
n − 2 + √2 +
n
n − 2 +
n
n − 2 − √2
Kf (G7(n)) = n − 3 + 2n
n − 3
Kf (G8(n)) = n − 4 + 2n
n − 1 +
n
n − 4 ,
from which it follows
Kf (G8(n)) > Kf (G7(n)) > Kf (G6(n)) > Kf (G5(n)) > Kf (G4(n))
> Kf (G3(n)) > Kf (G2(n)) > Kf (G1(n)) .
For any graph G /∈ {Kn, G1(n), G2(n), . . . , G8(n)}, we find that G hasm  n(n−1)/2−4 edges. Then
we have the following claim.
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Claim.
n
 + 1 +
n(n − 2)2
2m − 1 −  reaches its minimum value when  = n − 1 and m = n(n − 1)/2 − 4.
Proof of Claim. We first prove that  = n − 1. If not, then  < n − 1. But, adding some edges to
this graph G, such that the maximum degree is changed to n − 1, we get a new graph G′ having a
smaller Kirchhoff index. This contradicts to the minimality of Kf (G). Thus, if m = n(n − 1)/2 − 4,
then
n
 + 1 +
n(n − 2)2
2m − 1 −  reaches its minimum value, completing the proof of this claim.
Based on this claim, we conclude that for any graph G different from Kn, G1(n), G2(n), . . . ,
G8(n),
Kf (G) > 1 + n(n − 2)
2
n2 − n − 8 − n =
(n − 2)(n2 − n) − 8
(n + 2)(n − 4) .
By an elementary simplification, we have
Kf (G8(n)) = (n − 4)
2(n − 1) + 3(n − 3)n
(n − 1)(n − 4) .
Therefore, it suffices to prove that
(n − 2)(n2 − n) − 8
(n + 2)(n − 4) >
(n − 4)2(n − 1) + 3(n − 3)n
(n − 1)(n − 4) .
Thus we only need to prove
(n − 2)(n2 − n) − 8
(n + 2) −
(n − 4)2(n − 1) + 3(n − 3)n
(n − 1) > 0 .
Setting
A = (n − 2)(n
2 − n) − 8
(n + 2) −
(n − 4)2(n − 1) + 3(n − 3)n
(n − 1)
and noting that
A = 2(n − 2)(n − 10)
(n − 1)(n + 2) ,
we see that A > 0 for any n  11.
This completes the proof of Theorem 3.4. 
By simple calculation we arrive at:
Corollary 3.5. For any graph G ∈ {Kn, G1(n), G2(n), . . . , G8(n)}, the inequality LEL(G) > Kf (G) holds.
4. A concluding remark
Concluding this paper we ask the following natural question:
Problem 4.1. Is it possible to find a constant c (which may depend on the number of vertices and
maximum vertex degree), such that for any connected graph Gwithm  c edges, LEL(G) > Kf (G)?
Obviously, in view of Theorem 3.4 and Corollary 3.5 we could choose c = n(n− 1)/2− 4, but this
choice is far from optimal.
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